Three generation magnetized orbifold models by Abe, Hiroyuki et al.
ar
X
iv
:0
81
2.
35
34
v1
  [
he
p-
th]
  1
8 D
ec
 20
08
TU-834
KUNS-2173
Three generation magnetized orbifold models
Hiroyuki Abe1,∗, Kang-Sin Choi2,†, Tatsuo Kobayashi2,‡
and Hiroshi Ohki2,§
1Department of Physics, Tohoku University, Sendai 980-8578, Japan
2Department of Physics, Kyoto University, Kyoto 606-8502, Japan
Abstract
We study three generation models in the four-dimensional spacetime, which can be derived
from the ten-dimensional N = 1 super Yang-Mills theory on the orbifold background with
a non-vanishing magnetic flux. We classify the flavor structures and show possible patterns
of Yukawa matrices. Some examples of numerical studies are also shown.
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1 Introduction
Extra dimensional field theories, in particular string-derived extra dimensional field theories,
play important roles in particle physics, e.g. as an origin of the flavor structure including
the hierarchy of quark/lepton masses and mixing angles. How to derive chiral theory is a
key issue when our starting point is extra dimensional theory. Introduction of a magnetic
flux in extra dimensional space is one of interesting ways to obtain chiral theory. Indeed,
several studies have been carried out on models with magnetic fluxes in field theories and
superstring theories [1, 2, 3, 4, 5, 6, 7, 8]. Furthermore, magnetized D-brane models are T-
duals of intersecting D-brane models and within the latter framework several interesting models
have been constructed [4, 5, 6, 9, 10, 11]1.
Zero-modes are quasi-localized on the torus with the magnetic flux. The number of zero-
modes, which corresponds to the generation number, is determined by the value of the magnetic
flux in the same way as that the generation number is determined by the intersecting number in
intersecting D-brane models. Yukawa couplings among zero-modes in four-dimensional effective
theory are obtained by overlap integral of zero-mode profiles in extra dimensions. Large or
suppressed Yukawa couplings can be derived depending on the size of overlap integral. That is,
when zero-modes are quasi-localized far away from each other, their couplings in 4D effective
field theory are suppressed. On the other hand, when their localized points are close to each
other, 4D effective Yukawa couplings would be of O(1). Thus, magnetized torus models are
quite interesting to derive realistic models, in particular a realistic flavor structure. However,
it is still a challenging issue to derive realistic mass matrices of quarks and leptons.
Orbifolding the extra dimensions is another way to derive chiral theory [13]. In Ref. [14],
magnetized orbifold models have been studied2. Phenomenological aspects in magnetized orb-
ifold models are different from those in magnetized torus models. Some of zero-modes are
projected out by the orbifold projection. However, odd modes as well as even modes could
correspond to zero-modes, although odd modes correspond to only massive modes on orbifolds
without the magnetic flux. Then, the generation number is smaller than the number of the
magnetic flux, i.e. one in magnetized torus models with the same magnetic flux. Thus, a new
type of flavor structure can appear in magnetized orbifold models. Hence, it is quite impor-
tant to study in detail phenomenological aspects of magnetized orbifold models. That is our
purpose in this paper. We classify three generation models and study predicted patterns of
Yukawa matrices.
The paper is organized as follows. In section 2, we give a review on magnetized orbifold
models. In section 3, we classify three generation models on the orbifold with magnetic fluxes.
In section 4, we study Yukawa couplings in three generation models and we show explicitly an
example of numerical studies on our models. Section 5 is devoted to conclusion and discussion.
In Appendix, we show explicitly all of possible Yukawa matrices in our three generation models.
1 See for a review [12] and references therein.
2Other geometrical backgrounds with a magnetic flux have also been studied [15, 16].
2 Magnetized extra dimensions
Here, we give a review on extra dimensional models with a magnetic flux on torus and orbifold
backgrounds [7, 14].
2.1 U(N) gauge theory on (T 2)3
We start with N = 1 ten-dimensional U(N) super Yang-Mills theory. We consider the back-
ground R3,1 × (T 2)3, whose coordinates are denoted by xµ (µ = 0, · · · , 3) for the uncompact
space R3,1 and ym (m = 4, · · · , 9) for the compact space (T 2)3. At the first stage, we use orthog-
onal coordinates of the compact space and choose the torus metric such that ym is identified by
ym + nm with nm = integer, i.e. ym ∼ ym + 1. At the end of this subsection, we will extend it
by introducing the complex structure. Also, we can extend the following discussions to N = 1
super Yang-Mills theory on R3,1 × (T 2)n.
The Lagrangian is given by
L = − 1
4g2
Tr
(
FMNFMN
)
+
i
2g2
Tr
(
λ¯ΓMDMλ
)
,
where M,N = 0, · · · , 9. Here, λ denotes gaugino fields, ΓM is the gamma matrix for ten-
dimensions and the covariant derivative DM is given as
DMλ = ∂Mλ− i[AM , λ], (1)
where AM is the vector field. Furthermore, the field strength FMN is given by
FMN = ∂MAN − ∂NAM − i[AM , AN ]. (2)
The gaugino fields λ and the vector fields Am corresponding to the compact directions are
decomposed as
λ(x, y) =
∑
n
χn(x)⊗ ψn(y),
Am(x, y) =
∑
n
ϕn,m(x)⊗ φn,m(y).
Here, we concentrate on zero-modes, ψ0(y) and we denote them as ψ(y) by omitting the sub-
script “0”. Furthermore, the internal part ψ(y) is decomposed as a product of the i-th T 2 parts,
i.e. ψ(i)(y2i+2, y2i+3). Each of ψ(i)(y2i+2, y2i+3) is two-component spinor, ψ(i) = (ψ(i)+, ψ(i)−)T ,
and their chirality for the i-th T 2 part is denoted by si. We use the gamma matrix Γ˜
m corre-
sponding to the i-th T 2 as
Γ˜2i+2 =
(
0 1
1 0
)
, Γ˜2i+3 =
(
0 −i
i 0
)
, (3)
and the total gamma matrices are obtained as their direct products with the four-dimensional
part.
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Here, we introduce the magnetic flux in the background as F45, F67 and F89, which are given
by
F45 = 2π


M
(1)
1 1N1×N1 0
. . .
0 M (1)n 1Nn×Nn

 ,
F67 = 2π


M
(2)
1 1N1×N1 0
. . .
0 M (2)n 1Nn×Nn

 ,
F89 = 2π


M
(3)
1 1N1×N1 0
. . .
0 M (3)n 1Nn×Nn

 .
This background breaks the gauge group U(N) as U(N) → ∏na=1 U(Na) with N = ∑aNa. We
concentrate on an Abelian flux, although in general non-Abelian magnetic fluxes, which reduce
ranks of gauge groups, are possible [17, 18, 19].
Here we focus on the U(Na)× U(Nb) part, which has the magnetic flux,
F2i+2,2i+3 = 2π
(
M (i)a 1Na×Na 0
0 M
(i)
b 1Nb×Nb
)
, (4)
for i = 1, 2, 3. We use the following gauge,
A2i+2 = 0, A2i+3 = F2i+2,2i+3 y2i+2. (5)
Similarly, the gaugino fields λ and their i-th torus parts are decomposed as
λ(x, y) =
(
λaa(x, y) λab(x, y)
λba(x, y) λbb(x, y)
)
, ψ(i)(y) =
(
ψaa(i)(y) ψ
ab
(i)(y)
ψba(i)(y) ψ
bb
(i)(y)
)
. (6)
The fields λaa and λbb correspond to the gaugino fields under the unbroken gauge group U(Na)×
U(Nb). On the other hand, λ
ab and λba correspond to bi-fundamental matter fields, (Na, N¯b)
and (N¯a, Nb), under the unbroken gauge group U(Na)× U(Nb). The Dirac equations for these
gaugino fields corresponding to zero-modes are obtained as


∂¯iψ
aa
(i)+ [∂¯i + 2π(M
(i)
a −M (i)b )y2i+2]ψab(i)+
[∂¯i + 2π(M
(i)
b −M (i)a )y2i+2]ψba(i)+ ∂¯iψbb(i)+

 = 0,


∂iψ
aa
(i)− [∂i − 2π(M (i)a −M (i)b )y2i+2]ψab(i)−
[∂i − 2π(M (i)b −M (i)a )y2i+2]ψba(i)− ∂iψbb(i)−

 = 0,
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where ∂¯i = ∂2i+2 + i∂2i+3 and ∂i = ∂2i+2 − i∂2i+3. The gaugino fields, ψaa and ψbb, for the
unbroken gauge symmetry have no effect from the magnetic flux in their Dirac equations.
Hence, they have the same zero-modes as those on (T 2)3 without the magnetic flux. On the
other hand, the magnetic flux appears in the zero-mode equations of ψab and ψba corresponding
to bi-fundamental matter fields, (Na, N¯b) and (N¯a, Nb). Furthermore, they satisfy the following
boundary conditions,
ψabsi (y2i+2 + 1, y2i+3) = e
2πisi(M
(i)
a −M (i)b )y2i+3ψabsi (y2i+2, y2i+3),
ψbasi (y2i+2 + 1, y2i+3) = e
2πisi(M
(i)
b
−M (i)a )y2i+3ψbasi (y2i+2, y2i+3),
ψabsi (y2i+2, y2i+3 + 1) = ψ
ab
si
(y2i+2, y2i+3),
ψbasi (y2i+2, y2i+3 + 1) = ψ
ba
si
(y2i+2, y2i+3),
because of Eq. (5).
For the i-th T 2 withM (i)a −M (i)b > 0, the fields ψab(i)+ and ψba(i)− have |M (i)a −M (i)b | normalizable
zero-modes, while ψab(i)− and ψ
ba
(i)+ have no normalizable zero-modes. Thus, we can derive chiral
theory. When M (i)a −M (i)b < 0, ψab(i)− and ψba(i)+ have |M (i)a −M (i)b | normalizable zero-modes.
The normalizable wavefunction for the j-th zero mode is obtained as
Θj(y2i+2, y2i+3) = Nje
−Mπy22i+2ϑ
[
j/M
0
]
(M(y2i+2 + iy2i+3),Mi) ,
for M = |M (i)a −M (i)b | and j = 0, 1, · · · , N − 1, where Nj is a normalization constant and
ϑ
[
j/M
0
]
(M(y2i+2 + iy2i+3),Mi) =
∑
n
e−Mπ(n+j/M)
2+2πi(n+j/M)M(y2i+2+iy2i+3),
that is, the Jacobi theta-function. Furthermore, we can introduce the complex structure mod-
ulus τ by replacing the above Jacobi theta-function as
ϑ
[
j/M
0
]
(M(y2i+2 + iy2i+3),Mi) → ϑ
[
j/M
0
]
(M(y2i+2 + τy2i+3),Mτ) .
The total number of bi-fundamental zero-modes is given by
∏3
i=1 |M (i)a −M (i)b | and all of them
have the same six-dimensional chirality sign
[∏3
i=1(M
(i)
a −M (i)b )
]
. Since the ten-dimensional
chirality of gaugino fields is fixed, bi-fundamental zero-modes for either (Na, N¯b) or (N¯a, Nb)
appear for a fixed four-dimensional chirality. That is, the total number of bi-fundamental
zero-modes for (Na, N¯b) is equal to
Iab =
3∏
i=1
(M (i)a −M (i)b ).
When Iab < 0, this means that there appear |Iab| independent zero modes for (N¯a, Nb). It is
also convenient to introduce the notation, I iab ≡ M (i)a − M (i)b . Zero-mode wavefunctions are
given by a product of two-dimensional parts, i.e.
Θi1,i2,i3(y) = Θi1(y4, y5)Θ
i2(y6, y7)Θ
i3(y8, y9),
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for i1 = 0, · · · , (|M (1)a −M (1)b | − 1), i2 = 0, · · · , (|M (2)a −M (2)b | − 1) and i3 = 0, · · · , (|M (3)a −
M
(3)
b | − 1).
2.2 U(N) gauge theory on magnetized orbifolds T 6/(Z2 × Z ′2)
Here we review on the T 6/(Z2 × Z ′2) orbifold with a magnetic flux [14].
2.2.1 T 2/Z2 orbifold
First, let us study the U(N) gauge theory on the orbifold T 2/Z2 with the coordinates (y4, y5),
which transform as
y4 → −y4, y5 → −y5,
under the Z2 orbifold twist. Here, we associate the Z2 twist with the Z2 action in the gauge
space as
Aµ(x,−y) = PAµ(x, y)P−1, Am(x, y) = −PAm(x, y)P−1,
and the Z2 boundary conditions for gaugino fields,
λ±(x,−y) = ±Pλ±(x, y)P−1,
where the Z2 projection P must satisfy P
2 = 1.
We focus on the U(Na) × U(Nb) block (4), (6) and consider the spinor fields, λaa± , λab± , λba±
and λbb± , in particular bi-fundamental fields λ
ab
± and λ
ba
± , where ± denotes the chirality si in
the extra dimension. Without the Z2 projection, there are |Ma −Mb| zero modes for λab± and
λba± . For example, when Ma −Mb > 0, λab+ as well as λba− has (Ma −Mb) zero modes with the
wavefunctions Θj for j = 0, · · · , (Ma −Mb − 1). When we consider the Z2 projection, either
even or odd modes of them remain. Here note that
Θj(−y4,−y5) = ΘM−j(y4, y5),
where ΘM(y4, y5) = Θ
0(y4, y5). That is, even and odd functions are given by
Θjeven =
1√
2
(Θj +ΘM−j),
Θjodd =
1√
2
(Θj −ΘM−j), (7)
respectively. For example, when we consider the projection P such that λab+ (x,−y) = λab+ (x, y),
only zero-modes corresponding to Θjeven remain and the number of zero-modes is equal to
(Ma −Mb)/2 + 1 for (Ma −Mb) = even and (Ma −Mb + 1)/2 for (Ma −Mb) = odd. On the
other hand, when we consider the projection P such that λab+ (x,−y) = −λab+ (x, y), only zero-
modes corresponding to Θjodd remain and the number of zero-modes is equal to (Ma−Mb)/2−1
for (Ma −Mb) = even and (Ma −Mb − 1)/2 for (Ma −Mb) = odd. The same holds true for
λba− . Table 1 shows the numbers of zero-modes with even and odd wavefunctions for M ≤ 10.
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M 0 1 2 3 4 5 6 7 8 9 10
even 1 1 2 2 3 3 4 4 5 5 6
odd 0 0 0 1 1 2 2 3 3 4 4
Table 1: The numbers of zero-modes for even and odd wavefunctions.
2.2.2 T 6/(Z2 × Z ′2)
Here, we can extend the previous analysis on the two-dimensional orbifold T 2/Z2 to the U(N)
gauge theory on the six-dimensional orbifold T 6/(Z2×Z ′2). We consider two independent twists,
Z2 and Z
′
2. The Z2 twist acts on the six-dimensional coordinates ym (m = 4, · · · , 9) as
ym → −ym (for m = 4, 5, 6, 7), yn → yn (for n = 8, 9),
and the Z ′2 twist acts as
ym → −ym (for m = 4, 5, 8, 9), yn → yn (for n = 6, 7).
If the magnetic flux is vanishing, we realize four-dimensional N = 1 supersymmetric gauge
theories for the orbifold T 6/(Z2 × Z ′2). The bi-fundamental matter fields λabs1,s2,s3, λbas1,s2,s3 with
the chirality si corresponding to the i-th T
2 are also introduced. Their Z2 boundary conditions
are given by
λs1,s2,s3(x,−ym, yn) = s1s2Pλs1,s2,s3(x, ym, yn)P−1,
with m = 4, 5, 6, 7 and n = 8, 9 for λaas1,s2,s3, λ
ab
s1,s2,s3
, λbas1,s2,s3 and λ
bb
s1,s2,s3
. Similarly, the Z ′2
boundary conditions are given by
λs1,s2,s3(x,−ym, yn) = s1s3P ′λs1,s2,s3(x, ym, yn)P ′−1,
with m = 4, 5, 8, 9 and n = 6, 7. Then, depending on the projections P and P ′, even
or odd modes for the i-th torus remain such as Θj,Meven or Θ
j,M
odd . Their products such as∏3
i=3Θ
ji,M
even,odd(y2i+2, y2i+3) provide with zero-modes on the T
6/(Z2 × Z ′2).
3 Three generation magnetized orbifold models
In this section, we consider the U(Na)×U(Nb)×U(Nc) models, which lead to three families of
bi-fundamental matter fields, (Na, N¯b) and (N¯a, Nc). Such a gauge group is derived by starting
with the U(N) group and introducing the following form of the magnetic flux,
F45 = 2π


M (1)a 1Na×Na 0
M
(1)
b 1Nb×Nb
0 M (1)c 1Nc×Nc

 ,
6
F67 = 2π


M (2)a 1Na×Na 0
M
(2)
b 1Nb×Nb
0 M (2)c 1Nc×Nc

 ,
F89 = 2π


M (3)a 1Na×Na 0
M
(3)
b 1Nb×Nb
0 M (3)c 1Nc×Nc

 ,
where N = Na+Nb+Nc. For Na = 4, Nb = 2 and Nc = 2, we can realize the Pati-Salam gauge
group up to U(1) factors, some of which may be anomalous and become massive by the Green-
Schwarz mechanism. Then, the bi-fundamental matter fields, (Na, N¯b) and (N¯a, Nc) correspond
to left-handed and right-handed matter fields. In addition, the bi-fundamental matter fields
(Nb, N¯c) correspond to higgsino fields. We assume that supersymmetry is preserved at least
locally at the a − b sector, b − c sector and c − a sector.3 Then, the number of Higgs scalar
fields are the same as the number of higgsino fields. There are no tachyonic modes at the
tree level. Indeed, in intersecting D-brane models it would be one of convenient ways towards
realistic models to derive the Pati-Salam model at some stage and to break the gauge group
to the group SU(3) × SU(2)L × U(1). (See e.g. Ref. [11, 20] and references therein.)4 At
the end of this section, we give a comment on breaking of SU(4) × SU(2)L × SU(2)R to
SU(3)× SU(2)L × U(1).
In both cases with and without orbifolding, the total number of chiral matter fields is a
product of the numbers of zero-modes corresponding to the i-th T 2 for i = 1, 2, 3. That is, the
three generations are realized in the models, where the i-th T 2 has three zero-modes while each
of the other tori has a single zero mode. Thus, there are two types of flavor structures. That
is, in one type the three zero-modes corresponding to both left-handed matter fields (Na, N¯b)
and right-handed matter fields (N¯a, Nc) appear in the same i-th T
2, while each of the other tori
has a single zero-mode for (Na, N¯b) as well as (N¯a, Nc). In the other type, three zero-modes of
(Na, N¯b) and (N¯a, Nc) are originated from different tori. The Yukawa coupling for 4D effective
field theory is evaluated by the following overlap integral of zero-mode wavefunctions [22]
Yij =
∫
d6yψLi(y)ψRj(y)φH(y),
where ψL(y), ψR(y) and φH(y) denote zero-mode wave-functions of the left-handed, right-
handed matter fields and Higgs field, respectively. Note that the integral corresponding to each
torus is factorized in the Yukawa coupling. In the second type of flavor structure, one obtains
the following form of Yukawa matrices,
Yij = aibj ,
at the tree-level, because the flavor structure of left-handed and right-handed matter fields are
originated from different tori. This matrix, Yij , has rank one and that is not phenomenologically
3See for the supersymmetric conditions e.g. Ref. [7, 8].
4 See for the Pati-Salam model in heterotic orbifold models e.g. Ref. [21], where SU(4)× SU(2)L × SU(2)R
is broken to the standard gauge group by vacuum expectation values of scalar fields, (4, 1, 2) and (4¯, 1, 2), while
in the intersecting D-brane models SU(4)× SU(2)L × SU(2)R is broken by splitting D-branes, that is, vacuum
expectation values of adjoint scalar fields.
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λab λca λbc
I even even even
II even odd odd
II’ odd even odd
III odd odd even
Table 2: Possible patterns of wavefunctions with non-vanishing Yukawa couplings for the first
torus.
interesting, unless certain corrections appear. Hence, we concentrate on the first type of the
flavor structure. In the first type, the flavor structure is originated from the single torus, where
both three zero-modes of (Na, N¯b) and (N¯a, Nc) appear. We assign this torus with the first torus.
On the other hand, the other tori, the second and third tori, do not lead to flavor-dependent
aspects. That is, Yukawa matrices are obtained as the following form,
Yij = a
(2)a(3)a
(1)
ij ,
where the structure of a
(1)
ij is determined by only the first torus corresponding to three zero-
modes (Na, N¯b) and (N¯a, Nc) while the other tori contribute to overall factors a
(2) and a(3).
Thus, we concentrate on the single torus, where both of three zero-modes (Na, N¯b) and (N¯a, Nc)
appear, i.e. the first torus.
Zero-mode wavefunctions are classified into even and odd modes under the Z2 twist. Only
even or odd modes remain through the orbifold projection. Furthermore, the 4D Yukawa
couplings are non-vanishing for combinations among (even, even, even) wavefunctions and
(even, odd, odd) wavefunctions, while Yukawa couplings vanish for combinations among (even,
even, odd) wavefunctions and (odd, odd, odd) wavefunctions. Thus, we study only the former
case with non-vanishing Yukawa couplings, that is, the combinations among (even, even, even)
wavefunctions and (even, odd, odd) wavefunctions. Hence, we are interested in four types
of combinations of wavefunctions for the first torus, as shown in Table 2. The II’ type of
combinations is obtained by exchanging the left and right-handed matter fields in the II type.
Thus, we study explicitly the three types, I, II and III.
We can realize three even zero-modes when |I(1)ab | = 4, 5, as shown in Table 1. On the
other hand, three odd zero-modes can appear when |I(1)ab | = 7, 8. Furthermore, the consistency
condition on magnetic fluxes requires
|I(1)bc | = |I(1)ab | ± |I(1)ca |.
Thus, the number of Higgs and higgsino fields are constrained. Table 3 shows all of possible
magnetic fluxes for the three types, I, II and III. The fourth and fifth columns of the table show
possible sizes of magnetic fluxes for |I(1)bc | and the number of zero-modes corresponding to the
Higgs fields. As a result, flavor structures of our models with Yukawa couplings are classified
into 20 classes. However, the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (5, 7, 2) has no zero-modes for
the Higgs fields. Thus, we do not consider this case, but we will study the other 19 classes
8
|I(1)ab | |I(1)ca | |I(1)bc | the numbers of
Higgs zero modes
I 4 4 8 5
4 4 0 1
4 5 9 5
4 5 1 5
5 5 10 6
5 5 0 1
II 4 7 11 5
4 7 3 1
4 8 12 5
4 8 4 1
5 7 12 5
5 7 2 0
5 8 13 6
5 8 3 1
III 7 7 14 8
7 7 0 1
7 8 15 8
7 8 1 1
8 8 16 9
8 8 0 1
Table 3: The number of Higgs fields of (T 2)1 with non-vanishing Yukawa couplings.
in Table 3. Therefore, we study possible flavor structures explicitly by deriving the coupling
selection rule and evaluating values of Yukawa couplings in these 19 classes. That is the purpose
of the next section.
Before explicit study on flavor structures of 19 classes in the next section, we give a comment
on breaking of SU(4)× SU(2)L × SU(2)R. At any rate, we need the SU(3)× SU(2)L × U(1)
gauge group at low energy. When the magnetic flux and orbifold projections lead to the
SU(4)×SU(2)L×SU(2)R gauge group from U(8) as we have discussed so far, we need further
breaking of SU(4)×SU(2)L×SU(2)R to SU(3)×SU(2)L×U(1). Such breaking can be realized
by assuming non-vanishing vacuum expectation values (VEVs) of Higgs fields like adjoint scalar
fields for SU(4) and SU(2)R and/or bi-fundamental scalar fields like (4, 1, 2) and (4¯, 1, 2) on
fixed points. Note that our models have degree of freedom to add any modes at the fixed points
from the viewpoint of point particle field theory. The above breaking may affect the structure
of Yukawa matrices as higher dimensional operators. However, we will show results on Yukawa
matrices without such corrections.
Alternatively, magnetic fluxes and/or orbifold projections break U(8) into U(3)× U(1)1 ×
U(2)L×U(1)2×U(1)3. The gauge group U(3)×U(1)1 would correspond to U(4) and U(1)2×
U(1)3 would correspond to U(2)R. We assume that all the bi-fundamental matter fields under
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U(3) × U(1)1, i.e. extra colored modes, are projected out. The bi-fundamental matter fields
for U(3)×U(1)2 and U(3)×U(1)3 correspond to up and down sectors of right-handed quarks,
respectively. Similarly, up and down sectors of Higgs fields and right-handed charged leptons
and neutrinos are obtained. In this case, the classification of this section and patterns of Yukawa
matrices, which will be studied in the next section and Appendix, are available for up-sector
and down-sector quarks as well as the lepton sector. However, the up sector and down sector
can correspond to different classes of Table 3. On the other hand, the up sector and down
sector correspond to the same class in Table 3, when the SU(4)× SU(2)L × SU(2)R is broken
by VEVs of Higgs fields on fixed points as discussed above.
4 Yukawa couplings in three generation models
4.1 Yukawa interactions
Following [7, 23], first we show computation of Yukawa interactions on the torus with the
magnetic flux. Omitting the gauge structure and spinor structure, the Yukawa coupling among
left, right-handed matter fields and Higgs field corresponding to three zero-mode wavefunctions,
Θi,M1(z), Θj,M2(z) and (Θk,M3(z))∗, is written by
Yijk = c
∫
dzdz¯Θi,M1(z)Θj,M2(z)(Θk,M3(z))∗, (8)
where z = x4+ τy5, M1 ≡ I(1)ab , M2 ≡ I(1)ca , M3 ≡ I(1)cb and c is a flavor-independent contribution
due to the other tori. Note that M1 +M2 = M3. Because of the gauge invariance, not the
wavefunction Θk,M3(z), but (Θk,M3(z))∗ appears in the Yukawa coupling [7].
By using the formula of the ϑ function,
ϑ
[
r/N1
0
]
(z1, N1τ) × ϑ
[
s/N2
0
]
(z2, N2τ)
=
∑
m∈ZN1+N2
ϑ
[
r+s+N1m
N1+N2
0
]
(z1 + z2, τ(N1 +N2))
×ϑ
[
N2r−N1s+N1N2m
N1N2(N1+N2)
0
]
(z1N2 − z2N1, τN1N2(N1 +N2)) ,
we can decompose Θi,M1(z)Θj,M2(z) as
Θi,M1(z) Θj,M2(z) =
∑
m∈ZM3
Θi+j+M1m,M3(z) × ϑ
[
M2i−M1j+M1M2m
M1M2M3
0
]
(0, τM1M2M3) .
Wavefunctions satisfy the orthogonal condition
∫
dzdz¯Θi,M (Θj,M)∗ = δij .
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Then, the integral of three wavefunctions is represented by
Yijk = c
∫
dzdz¯Θi,M1 Θj,M2(Θk,M3)∗
= c
|M3|−1∑
m=0
ϑ
[
M2i−M1j+M1M2m
M1M2M3
0
]
(0, τM1M2M3)× δi+j+M1m, k+M3ℓ,
where ℓ = integer. Thus, we have the selection rule for allowed Yukawa couplings as
i+ j = k,
where i, j and k are defined up to mod M1,M2 and M3, respectively.
5 In addition, the Yukawa
coupling Yijk, in particular its flavor-dependent part, is written by the ϑ function. When
g.c.d.(M1,M3) = 1, a signle ϑ function appears in Yijk. When g.c.d.(M1,M3) = g 6= 1, g terms
appear in Yijk as
Yijk = c
g∑
n=1
ϑ
[
M2k−M3j+M2M3ℓ0
M1M2M3
+ n
g
0
]
(0, τM1M2M3),
where ℓ0 is an integer corresponding to a particular solution of M3l0 = M1m0 + i+ j − k with
integer m0.
Zero-mode wavefunctions on the orbifold with the magnetic flux are obtained as even or
odd linear combinations of wavefunctions on the torus with the magnetic flux (7). Thus, it is
straightforward to extend the above computations of Yukawa couplings on the torus to Yukawa
couplings on the orbifold. As a result, Yukawa couplings on the orbifold are obtained as proper
linear combinations of Yukawa couplings on the torus, i.e. linear combinations of ϑ functions.
Here we introduce the following short notation for the Yukawa coupling,
ηN = ϑ
[
N
M
0
]
(0, τM) , (9)
where
M = M1M2M3.
Since the value of M is unique in one model, we omit the value of M as well as τ for a compact
presentation of long equations.
Four models in Table 3 has |I(1)bc | = 0, where the Higgs zero-mode corresponds to the even
function, that is, the constant profile. We can repeat the above calculation for this case, that is,
the case where, one of wavefunctions in (8), e.g. Θi,M1(z) is constant. As a result, the Yukawa
matrix is proportional to the (3 × 3) unit matrix, Yjk = c′δjk. That is not realistic. Thus, we
will not consider such models.
At any rate, we can apply the above selection rule and ηN for 20 classes of models, which
have been classified in section 3, in order to analyze explicitly all of possible patterns of Yukawa
matrices. In the next subsection, we show one example of Yukawa matrix among 20 classes of
models. In Appendix, we show all of possible Yukawa matrices for 15 classes of models in Table
3 except models with I
(1)
bc = 0 and the model without zero-modes for the Higgs fields.
5 See for the selection rule in intersecting D-brane models, e.g. Ref. [24, 25].
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Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 1√
2
(Θ1,7 −Θ6,7) 1√
2
(Θ1,7 −Θ6,7) Θ0,14
1 1√
2
(Θ2,7 −Θ5,7) 1√
2
(Θ2,7 −Θ5,7) 1√
2
(Θ1,14 +Θ13,14)
2 1√
2
(Θ3,7 −Θ4,7) 1√
2
(Θ3,7 −Θ4,7) 1√
2
(Θ2,14 +Θ12,14)
3 - - 1√
2
(Θ3,14 +Θ11,14)
4 - - 1√
2
(Θ4,14 +Θ10,14)
5 - - 1√
2
(Θ5,14 +Θ9,14)
6 - - 1√
2
(Θ6,14 +Θ8,14)
7 - - Θ7,14
Table 4: Zero-mode wavefunctions in the 7-7-14 model.
4.2 An illustrating example: 7-7-14 model
Let us study the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (7, 7, 14). Following Table 3, we consider the
combination of zero-mode wavefunctions, where zero-modes of left and right-handed matter
fields and Higgs fields correspond to odd, odd and even wavefunctions, respectively. Their
wavefunctions are shown in Table 4. Hereafter, for concreteness, we denote left and right-
handed matter fields and Higgs fields by Li, Rj and Hk, respectively. This model has eight
zero-modes for Higgs fields.
Then, their Yukawa couplings YijkLiRjHk are written by
YijkHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4 + y
5
ijH5 + y
6
ijH6 + y
7
ijH7,
where
y0ij =

 −yc 0 00 −ye 0
0 0 −yg

 , y1ij =


0 − 1√
2
yd 0
− 1√
2
yd 0 − 1√2yf
0 − 1√
2
yf
1√
2
yh

 ,
y2ij =


1√
2
ya 0 − 1√2ye
0 0 1√
2
yg
− 1√
2
ye
1√
2
yg 0

 , y3ij =


0 1√
2
yb
1√
2
yf
1√
2
yb
1√
2
yh 0
1√
2
yf 0 0

 ,
y4ij =


0 1√
2
yg
1√
2
yc
1√
2
yg
1√
2
ya 0
1√
2
yc 0 0

 , y5ij =


1√
2
yh 0 − 1√2yd
0 0 1√
2
yb
− 1√
2
yd
1√
2
yb 0

 ,
y6ij =


0 − 1√
2
ye 0
− 1√
2
ye 0 − 1√2yc
0 − 1√
2
yc
1√
2
ya

 , y7ij =

 −yf 0 00 −yd 0
0 0 −yb

 , (10)
and
ya = η0 + 2η98 + 2η196 + 2η294,
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Figure 1: The N -dependence of logλ ηN in the 7-7-14 model (M = 686), where λ = 0.22 is
chosen to the Cabibbo angle. The solid, dashed and dotted curves correspond to τ = i, 1.5i
and 0.5i, respectively. Note that ηN has a periodicity ηN+nM = ηN with an integer n.
yb = η7 + η91 + η105 + η189 + η203 + η287 + η301,
yc = η14 + η84 + η112 + η182 + η210 + η280 + η308,
yd = η21 + η77 + η119 + η175 + η217 + η273 + η315,
ye = η28 + η70 + η126 + η168 + η224 + η266 + η322,
yf = η35 + η63 + η133 + η161 + η231 + η259 + η329,
yg = η42 + η56 + η140 + η154 + η238 + η252 + η336,
yh = 2η49 + 2η147 + 2η245 + η343.
Here we have used the short notation ηN defined in Eq. (9) with the omitted value M =
M1M2M3 = 686.
4.3 Numerical examples in 7-7-14 model
Here, we give examples of numerical studies by using the 7-7-14 model, which is discussed in
the previous subsection. For such studies, the numerical values of ηN defined in Eq. (9) are
useful. The N -dependence of ηN is shown in Fig. 1.
We assume that both the up-sector and the down-sector of quarks as well as their Higgs
fields have the Yukawa matrix, which is led in the 7-7-14 model. Such situation is realized in
the case that we start with the U(8) gauge group and break it to U(4)×U(2)L×U(2)R by the
magnetic flux, and then the Pati-Salam gauge group is broken to the Standard gauge group
by assuming VEVs of Higgs fields on fixed points. Alternatively, we break the U(8) gauge
group to U(3) × U(1)1 × U(2)L × U(1)2 × U(1)3 by magnetic fluxes and orbifold projections
as discussed in section 3. Then, both the up-sector and down-sector of quarks can correspond
to the Yukawa matrix led in the 7-7-14 model, although the up-sector and down-sector can
generically correspond to different patterns of Yukawa matrices. In both cases, VEVs of the
up-sector and down-sector Higgs fields are independent.
First, we consider the case that VEVs of H6d , H
7
d and H
0
u are non-vanishing and the other
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VEVs vanish. In this case, the relevant Yukawa couplings are
Y uijkHk =


−yc
−ye
−yg

H0u,
Y dijkHk =


−yfH7d − 1√2yeH6d 0
− 1√
2
yeH
6
d −ydH7d − 1√2ycH6d
0 − 1√
2
ycH
6
d
1√
2
yaH
6
d − ybH7d

 .
Let us assume 〈H6d〉 = −〈H7d〉 for their VEVs. Then, quark mass ratios are obtained from these
matrices as
(mu, mc, mt)/mt ∼ (7.6× 10−4, 6.8× 10−2, 1.0),
(md, ms, mb)/mb ∼ (7.5× 10−4, 5.1× 10−2, 1.0),
for τ = i. Furthermore, the mixing angles are obtained as
|VCKM | ∼

 0.97 0.24 0.00250.24 0.95 0.20
0.046 0.19 0.98

 .
Similarly, for τ = 1.5i, quark mass ratios are obtained as
(mu, mc, mt)/mt ∼ (2.1× 10−5, 1.8× 10−2, 1.0),
(mb, ms, md)/mb ∼ (1.4× 10−4, 1.7× 10−2, 1.0),
and the mixing angles are obtained as
|VCKM | ∼

 0.99 0.13 0.000290.13 0.98 0.13
0.017 0.13 0.99

 .
Let us consider another type of VEVs. We assume that VEVs ofH0u, H
2
u,H
1
d andH
7
d are non-
vanishing and the other VEVs vanish. Furthermore, we consider the case with 〈H0u〉 = −〈H2u〉
and 〈H1d〉 = 〈H7d〉/3. In this case, the mass ratios are given by
(mu, mc, mt)/mt ∼ (2.9× 10−5, 2.5× 10−2, 1.0),
(md, ms, mb)/mb ∼ (4.4× 10−3, 0.18, 1.0),
for τ = i, and the mixing angles are given by
|VCKM | ∼


0.98 0.22 0.018
0.22 0.98 0.0014
0.017 0.0052 1.0

 .
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Similarly, for τ = 1.5i the mass ratios and the mixing angles are given by
(mu, mc, mt)/mt ∼ (5.6× 10−6, 4.7× 10−3, 1.0),
(md, ms, mb)/mb ∼ (3.3× 10−3, 7.1× 10−2, 1.0),
|VCKM | ∼


0.98 0.22 0.0034
0.22 0.98 0.000081
0.0033 0.00081 1.0

 .
Thus, these values can realize experimental values of quark masses and mixing angles at a
certain level by using a few parameters, i.e. τ and a couple of VEVs of Higgs fields. If we
consider more non-vanishing VEVs of Higgs fields, we could obtain more realistic values. For
example, we assume that VEVs of H0u, H
1
u, H
2
u, H
1
d and H
7
d are non-vanishing and they satisfy
−〈H0u〉 = 〈H1u〉 = 〈H2u〉 and 〈H1d〉 = −〈H7d 〉/2 while the other VEVs vanish. For τ = 1.5i, we
realize the mass ratios, mu/mt ∼ 2.7 × 10−5, mc/mt ∼ 3.5 × 10−3, md/mb ∼ 7.3 × 10−3 and
ms/mb ∼ 7.5 × 10−2, and mixing angles, Vus ∼ 0.2, Vcb ∼ 0.03 and Vub ∼ 0.006. When we
consider more non-vanishing VEVs of Higgs fields, it is possible to derive completely realistic
values. Similarly, we can study other classes of models and they have a rich flavor structure.
5 Conclusion
We have studied three generation magnetized orbifold models. We have classified their flavor
structures and studied explicitly possible patterns of Yukawa matrices. Our models have a
rich flavor structure, especially compared with the corresponding models without orbifolding.
Realistic quark masses and mixing angles can be derived within the framework of magnetized
orbifold models. We can extend our numerical studies including the lepton sector.
Here, we have studied the models, where all of three generations are originated from bulk
modes. However, we have degree of freedom to put some of three generations of quarks and
leptons on certain orbifold fixed points. In addition, we can assume that some Higgs fields are
localized on certain orbifold fixed points. In such cases, we would have more variety of flavor
structure. Furthermore, it is possible to consider localized magnetic fluxes on orbifold fixed
points, which are independent of the bulk magnetic flux.6 Since such localized magnetic fluxes
would affect profiles of zero-modes, that is one of interesting extensions of our models.
We have restricted ourselves to Abelian fluxes, but we can also extend our analysis to models
with non-Abelian fluxes, which can reduce ranks of gauge groups. Moreover, although we have
concentrated on the factorizable torus, (T 2)3, it would be interesting to study possibilities for
extensions to non-factorizable orbifolds [27].
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A Possible patterns of Yukawa matrices
In this appendix, we show explicitly all of possible Yukawa matrices for 15 classes of models in
Table 3 except the models with I
(1)
bc = 0 and the model without zero-modes for the Higgs fields.
A.1 (Even-Even-Even) wavefunctions
Here, we study the patterns of Yukawa matrices in the models, where zero-modes of left, right-
handed matter fields and Higgs fields correspond to even, even and even functions, respectively.
A.1.1 4-4-8 model
Let us study the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 4, 8). The following table shows zero-mode
wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 Θ0,4 Θ0,8
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ1,8 +Θ7,8)
2 Θ2,4 Θ2,4 1√
2
(Θ2,8 +Θ6,8)
3 - - 1√
2
(Θ3,8 +Θ5,8)
4 - - Θ4,8
This model has five zero-modes for the Higgs fields. Yukawa couplings YijkLiRjHk are given by
YijkHk =


yaH0 + yeH4 y4H3 + ybH1 ycH2
y4H3 + ybH1
1√
2
(ya + ye)H2 + yc(H0 +H4) ybH3 + ydH1
ycH2 ybH3 + ydH1 yeH0 + yaH4

 ,
where
ya = η0 + 2η32 + η64, yb = η4 + η28 + η36 + η60,
yc = η8 + η24 + η40 + η56, yd = η12 + η20 + η44 + η52,
ye = 2η16 + 2η48,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 128.
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A.1.2 4-5-9 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 5, 9). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 Θ0,5 Θ0,9
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ1,5 +Θ4,5) 1√
2
(Θ1,9 +Θ8,9)
2 Θ2,4 1√
2
(Θ2,5 +Θ3,5) 1√
2
(Θ2,9 +Θ7,9)
3 - - 1√
2
(Θ3,9 +Θ6,9)
4 - - 1√
2
(Θ4,9 +Θ5,9)
This model has five zero-modes for Higgs fields. Yukawa couplings YijkLiRjHk are given by
YijkHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4,
where
y0ij =


η0
√
2η36
√
2η72√
2η45 η9 + η81 η27 + η63
η90
√
2η54
√
2η18

 ,
y1ij =


1√
2
(η20 + η40) η4 + η76 η32 + η68
η5 + η85
1√
2
(η31 + η41 + η49 + η59)
1√
2
(η13 + η23 + η67 + η77)√
2η50 η44 + η64 η22 + η58

 ,
y2ij =


1√
2
(η20 + η40) η44 + η64 η8 + η28
η35 + η55
1√
2
(η1 + η19 + η71 + η89)
1√
2
(η17 + η37 + η53 + η73)√
2η10 η26 + η46 η62 + η82

 ,
y3ij =


1√
2
(η60 + η80) η24 + η84 η12 + η48
η15 + η75
1√
2
(η21 + η39 + η51 + η69)
1√
2
(η3 + η33 + η57 + η87)√
2η30 η6 + η26 η42 + η78

 ,
y4ij =


1√
2
(η60 + η80) η16 + η56 η52 + η88
η25 + η65
1√
2
(η11 + η29 + η61 + η79)
1√
2
(η7 + η43 + η47 + η83)√
2η70 η34 + η74 η2 + η38

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 180.
A.1.3 4-5-1 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 5, 1). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs field.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 Θ0,5 Θ0,1
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ1,5 +Θ4,5)
2 Θ2,4 1√
2
(Θ2,5 +Θ3,5)
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This model has a single zero-modes for the Higgs field. Yukawa couplings YijkLiRjHk are given
YijkHk =


y0
√
2η4
√
2η8√
2η5 (η1 + η9) (η3 + η7)
η10
√
2η6
√
2η2

H0.
Here we have used the short notation ηN defined in Eq. (9) with the omitted value M =
M1M2M3 = 20.
A.1.4 5-5-10 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (5, 5, 10). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,5 Θ0,5 Θ0,10
1 1√
2
(Θ1,5 +Θ4,5) 1√
2
(Θ1,5 +Θ4,5) 1√
2
(Θ1,10 +Θ9,10)
2 1√
2
(Θ2,5 +Θ3,5) 1√
2
(Θ2,5 +Θ3,5) 1√
2
(Θ2,10 +Θ8,10)
3 - - 1√
2
(Θ3,10 +Θ7,10)
4 - - 1√
2
(Θ4,10 +Θ6,10)
5 - - Θ5,10
This model has six zero-modes for Higgs fields. Yukawa couplings YijkLiRjHk are obtained as
YijkHk
=


yaH0 + yeH5 ybH1 + yeH4 ycH2 + ydH3
ybH1 + yeH4 ycH0 +
1√
2
(yaH2 + yfH3) + ydH5
1√
2
(ydH1 + yeH2 + ybH3 + ycH4)
ycH2 + ydH3
1√
2
(ydH1 + yeH2 + ybH3 + ycH4) ybH0 +
1√
2
(yfH1 + yaH4) + yaH5

 .
ya = η0 + 2η50 + 2η100, yb = η5 + η45 + η55 + η95 + η105,
yc = η10 + η40 + η60 + η90 + η110, yd = η15 + η35 + η65 + η85 + η115,
ye = η20 + η30 + η70 + η80 + η120, yf = 2η25 + 2η75 + η125,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 250.
A.2 (Even-Odd-Odd) wavefunctions
Here, we study the patterns of Yukawa matrices in the models, where zero-modes of left, right-
handed matter fields and Higgs fields correspond to even, odd and odd functions, respectively.
A.2.1 4-7-11 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 7, 11). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
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Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 1√
2
(Θ1,7 −Θ6,7) 1√
2
(Θ1,11 −Θ10,11)
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ2,7 −Θ5,7) 1√
2
(Θ2,11 −Θ9,11)
2 Θ2,4 1√
2
(Θ3,7 −Θ4,7) 1√
2
(Θ3,11 −Θ8,11)
3 - - 1√
2
(Θ4,11 −Θ7,11)
4 - - 1√
2
(Θ5,11 −Θ6,11)
This model has five zero-modes for the Higgs fields. Yukawa couplings YijkLiRjHk are given by
Y kijHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4,
where
y0ij =
1√
2


√
2(η4 − η136)
√
2(η92 − η48)
√
2(η128 − η40)
η81 − η59 − η95 + η73 η139 − η29 − η125 + η15 η51 − η117 − η37 + η103√
2(η150 − η18)
√
2(η62 − η16)
√
2(η26 − η114)

 ,
y1ij =
1√
2


√
2(η80 − η52)
√
2(η8 − η36)
√
2(η96 − η124)
η3 − η25 − η129 + η151 η85 − η113 − η41 + η69 η135 − η107 − η47 + η19√
2(η74 − η102)
√
2(η146 − η118)
√
2(η58 − η30)

 ,
y2ij =
1√
2


√
2(η144 − η32)
√
2(η76 − η120)
√
2(η12 − η100)
η87 − η109 − η45 + η67 η1 − η111 − η43 + η153 η89 − η23 − η131 + η65√
2(η10 − η122)
√
2(η78 − η34)
√
2(η142 − η54)

 ,
y3ij =
1√
2


√
2(η148 − η104)
√
2(η148 − η104)
√
2(η72 − η16)
η171 − η115 − η39 + η17 η83 − η27 − η127 + η71 η5 − η61 − η13 + η149√
2(η94 − η38)
√
2(η6 − η50)
√
2(η82 − η138)

 ,
y4ij =
1√
2


√
2(η24 − η108)
√
2(η64 − η20)
√
2(η152 − η68)
η53 − η31 − η123 + η101 η141 − η57 − η7 + η13 η79 − η145 − η9 + η75√
2(η130 − η46)
√
2(η90 − η134)
√
2(η2 − η86)

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 308.
A.2.2 4-7-3 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 7, 3). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 1√
2
(Θ1,7 −Θ6,7) 1√
2
(Θ1,3 −Θ2,3)
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ2,5 −Θ5,7) -
2 Θ2,4 1√
2
(Θ3,5 −Θ4,5) -
This model has a single zero-modes for Higgs fields. Yukawa couplings YijkLiRjHk are obtained
as
Y kijHk =
1√
2
H0


√
2(η4 − η32)
√
2(η20 − η8)
√
2(η40 − η16)
η17 + η25 − η11 − η31 η1 + η41 − η13 − η29 η19 + η23 − η5 − η37√
2(η38 − η10)
√
2(η22 − η34)
√
2(η2 − η26)

 ,
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in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 84.
A.2.3 4-8-12 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 8, 12). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 1√
2
(Θ1,8 −Θ7,8) 1√
2
(Θ1,12 −Θ11,12)
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ2,8 −Θ6,8) 1√
2
(Θ2,12 −Θ10,12)
2 Θ2,4 1√
2
(Θ3,8 −Θ5,8) 1√
2
(Θ3,12 −Θ9,12)
3 - - 1√
2
(Θ4,12 −Θ8,12)
4 - - 1√
2
(Θ5,12 −Θ7,12)
This model has five zero-modes for the Higgs fields. Yukawa couplings YijkLiRjHk are given by
Y kijHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4,
where
y0ij =


yb 0 −yl
0 1√
2
(ye − yi) 0
−yf 0 yh

 , y1ij =


0 yc − yk 0
1√
2
(yb − yh) 0 1√2(yf − yl)
0 0 0

 ,
y2ij =


−yj 0 yd
0 1√
2
(ya − ym) 0
yd 0 −yj

 , y3ij =


0 0 0
1√
2
(yf − yl) 0 1√2(yb − yh)
0 yc − yk 0

 ,
y4ij =


yh 0 −yf
0 1√
2
(ye − yi) 0
−yl 0 yb

 ,
and
ya = η0 + η96 + η192 + η96, yb = η4 + η100 + η188 + η92,
yc = η8 + η104 + η184 + η88, yd = η12 + η108 + η180 + η84,
ye = η16 + η112 + η176 + η80, yf = η20 + η116 + η172 + η76,
yg = η24 + η120 + η168 + η72, yh = η28 + η124 + η164 + η68,
yi = η32 + η128 + η160 + η64, yj = η36 + η132 + η156 + η60,
yk = η40 + η136 + η152 + η56, yl = η44 + η140 + η148 + η52,
ym = η48 + η144 + η144 + η48,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 384.
A.2.4 4-8-4 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (4, 8, 4). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
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Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,4 1√
2
(Θ1,8 −Θ7,8) 1√
2
(Θ1,4 −Θ3,4)
1 1√
2
(Θ1,4 +Θ3,4) 1√
2
(Θ2,7 −Θ6,7) -
2 Θ2,4 1√
2
(Θ3,7 −Θ5,7) -
This model has a single zero-modes for Higgs fields. Yukawa couplings YijkLiRjHk are obtained
as
Y kijHk = H0


yb 0 −yc
0 1√
2
(ya − yd) 0
−yc 0 yb

 ,
where
ya = η0 + 2η32 + η64, yb = η4 + η28 + η36 + η60,
yc = η12 + η20 + η44 + η52, yd = 2η16 + 2η48,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 128.
A.2.5 5-7-12 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (5, 7, 12). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,5 1√
2
(Θ1,7 −Θ6,7) 1√
2
(Θ1,12 −Θ11,12)
1 1√
2
(Θ1,5 +Θ4,5) 1√
2
(Θ2,7 −Θ5,7) 1√
2
(Θ2,12 −Θ10,12)
2 1√
2
(Θ2,5 +Θ3,5) 1√
2
(Θ3,7 −Θ4,7) 1√
2
(Θ3,12 −Θ9,12)
3 - - 1√
2
(Θ4,12 −Θ8,12)
4 - - 1√
2
(Θ5,12 −Θ7,12)
This model has five zero-modes for the Higgs fields. Yukawa coupling YijkLiRjHk are given by
YijkHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4,
where
y0ij =
1√
2


√
2(η5 − η65)
√
2(η185 − η115)
√
2(η55 + η125)
η173 − η103 − η187 + η163 η67 − η137 − η53 + η17 η113 − η43 − η127 + η197
η79 − η149 − η19 + η89 η101 − η31 − η199 + η151 η139 − η209 − η41 + η29

 ,
y1ij =
1√
2


√
2(η170 − η110)
√
2(η10 − η130)
√
2(η190 + η50)
η2 − η142 − η58 + η82 η178 − η38 − η122 + η158 η62 − η202 − η118 + η22
η166 − η26 − η194 + η94 η74 − η206 − η46 + η94 η106 − η34 − η134 + η146

 ,
y2ij =
1√
2


√
2(η75 − η135)
√
2(η165 − η45)
√
2(η15 − η195)
η177 − η33 − η117 + η93 η3 − η207 − η123 + η87 η183 − η27 − η57 + η153
η9 − η201 − η51 + η81 η171 − η39 − η129 + η81 η69 − η141 − η111 + η99

 ,
21
y3ij =
1√
2


√
2(η100 − η140)
√
2(η80 − η200)
√
2(η160 − η20)
η68 − η208 − η128 + η152 η172 − η32 − η52 + η88 η8 − η148 − η188 + η92
η184 − η44 − η124 + η164 η4 − η136 − η116 + η164 η176 − η104 − η64 + η76

 ,
y4ij =
1√
2


√
2(η145 − η205)
√
2(η95 − η25)
√
2(η85 − η155)
η107 − η37 − η47 + η23 η73 − η143 − η193 + η157 η167 − η97 − η13 + η83
η61 − η131 − η121 + η11 η179 − η109 − η59 + η11 η1 − η71 − η181 + η169

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 420.
A.2.6 5-8-13 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (5, 8, 13). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,5 1√
2
(Θ1,8 −Θ7,8) 1√
2
(Θ1,13 −Θ12,13)
1 1√
2
(Θ1,5 +Θ4,5) 1√
2
(Θ2,8 −Θ6,8) 1√
2
(Θ2,13 −Θ11,13)
2 1√
2
(Θ2,5 +Θ3,5) 1√
2
(Θ3,8 −Θ5,8) 1√
2
(Θ3,13 −Θ10,13)
3 - - 1√
2
(Θ4,13 −Θ9,13)
4 - - 1√
2
(Θ5,13 −Θ8,13)
5 - - 1√
2
(Θ6,13 −Θ7,13)
This model has six zero-modes for the Higgs fields. Yukawa couplings YijkLiRjHk are given by
Y kijHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4 + y
5
ijH5,
where
y0ij =
1√
2


√
2(η5 − η125)
√
2(η190 − η70)
√
2(η135 − η255)
η203 + η213 − η83 − η187 η122 − η138 + η18 − η242 η73 − η57 + η177 − η47
η109 − η21 + η99 − η229 η86 − η174 + η226 − η34 η239 − η151 + η31 − η161

 ,
y1ij =
1√
2


√
2(η205 − η75)
√
2(η10 − η250)
√
2(η185 − η55)
η3 + η237 − η133 − η107 η198 − η62 + η132 − η152 η127 − η257 + η23 − η153
η211 − η179 + η101 − η29 η114 − η146 + η94 − η166 η81 − η49 + η231 − η159

 ,
y2ij =
1√
2


√
2(η115 − η245)
√
2(η210 − η50)
√
2(η15 − η145)
η197 + η137 − η67 − η93 η2 − η258 + η102 − η158 η193 − η63 + η223 − η167
η11 − η141 + η219 − η171 η206 − η54 + η106 − η154 η119 − η249 + η89 − η41

 ,
y3ij =
1√
2


√
2(η85 − η45)
√
2(η110 − η150)
√
2(η135 − η255)
η123 + η163 − η253 − η227 η202 − η58 + η98 − η162 η7 − η137 + η97 − η33
η189 − η59 + η19 − η149 η6 − η254 + η214 − η46 η201 − η71 + η111 − η241

 ,
y4ij =
1√
2


√
2(η235 − η155)
√
2(η90 − η170)
√
2(η105 − η25)
η77 + η157 − η53 − η27 η118 − η142 + η222 − η38 η207 − η183 + η103 − η233
η131 − η259 + η181 − η51 η194 − η66 + η14 − η246 η1 − η129 + η209 − η79

 ,
22
y5ij =
1√
2


√
2(η35 − η165)
√
2(η230 − η30)
√
2(η95 − η225)
η243 + η43 − η147 − η173 η82 − η178 + η22 − η238 η113 − η17 + η217 − η87
η69 − η61 + η139 − η251 η126 − η134 + η186 − η74 η199 − η191 + η9 − η121

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 520.
A.2.7 5-8-3 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (5, 8, 3). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 Θ0,5 1√
2
(Θ1,8 −Θ7,8) 1√
2
(Θ1,3 −Θ2,3)
1 1√
2
(Θ1,5 +Θ4,5) 1√
2
(Θ2,8 −Θ6,8) -
2 1√
2
(Θ2,5 +Θ3,5) 1√
2
(Θ3,8 −Θ5,8) -
This model has a single zero-mode for the Higgs field. Yukawa couplings YijkLiRjHk are given
by
Y kijHk =
1√
2


√
2(η5 − η35)
√
2(η50 − η10)
√
2(η25 − η55)
η43 − η37 − η13 + η53 η2 − η38 − η58 + η22 η47 − η7 − η17 + η23
η29 − η11 − η59 + η19 η46 − η34 − η14 + η26 η1 − η41 − η31 + η49

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 120.
A.3 (Odd-Odd-Even) wavefunctions
Here, we study the patterns of Yukawa matrices in the models, where zero-modes of left, right-
handed matter fields and Higgs fields correspond to odd, odd and even functions, respectively.
A.3.1 7-7-14 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (7, 7, 14). This model is studied in the
subsections 4.2 and 4.3 in detail. The zero-mode wavefunctions of left, right-handed matter
fields and Higgs fields are shown in Table 4.
This model has eight zero-modes for the Higgs fields. Yukawa couplings YijkLjRjHk are
obtained as
YijkHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4 + y
5
ijH5 + y
6
ijH6 + y
7
ijH7,
where ykij is shown in Eq. (10) with M =M1M2M3 = 686.
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A.3.2 7-8-15 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (7, 8, 15). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 1√
2
(Θ1,7 −Θ6,7) 1√
2
(Θ1,8 −Θ7,8) Θ0,15
1 1√
2
(Θ2,7 −Θ5,7) 1√
2
(Θ2,8 −Θ6,8) 1√
2
(Θ1,15 +Θ14,15)
2 1√
2
(Θ3,7 −Θ4,7) 1√
2
(Θ3,7 −Θ5,8) 1√
2
(Θ2,15 +Θ13,15)
3 - - 1√
2
(Θ3,15 +Θ12,15)
4 - - 1√
2
(Θ4,15 +Θ11,15)
5 - - 1√
2
(Θ5,15 +Θ10,15)
6 - - 1√
2
(Θ6,15 +Θ9,15)
7 - - 1√
2
(Θ7,15 +Θ8,15)
This model has eight zero-modes for the Higgs fields. Yukawa couplings YijkLiRjHk are given
by
Y kijHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4 + y
5
ijH5 + y
6
ijH6 + y
7
ijH7,
where
y0ij =

 η225 − η15 η330 − η90 η405 − η195η345 − η135 η390 − η30 η285 − η75
η375 − η255 η270 − η150 η165 − η45

 ,
y1ij =
1√
2


η113 − η97 − η127 + η337 η218 − η202 − η22 + η398 η323 − η307 − η83 + η293
η233 − η23 − η247 + η383 η338 − η82 − η142 + η278 η397 − η187 − η37 + η173
η353 − η143 − η367 + η263 η382 − η38 − η262 + η158 η277 − η67 − η157 + η53

 ,
y2ij =
1√
2

 η1 − η209 − η239 + η391 η106 − η314 − η134 + η286 η211 − η419 − η29 + η181η121 − η89 − η359 + η271 η226 − η194 − η254 + η166 η331 − η299 − η149 + η61
η241 − η31 − η361 + η151 η346 − η74 − η374 + η46 η389 − η179 − η269 + η59

 ,
y3ij =
1√
2

 η111 − η321 − η351 + η279 η6 − η414 − η246 + η174 η99 − η309 − η141 + η69η9 − η201 − η369 + η159 η114 − η306 − η366 + η54 η219 − η411 − η261 + η51
η129 − η81 − η249 + η39 η234 − η186 − η354 + η66 η339 − η291 − η381 + η171

 ,
y4ij =
1√
2


η223 − η407 − η377 + η167 η118 − η302 − η358 + η62 η13 − η197 − η253 + η43
η103 − η313 − η257 + η47 η2 − η418 − η362 + η58 η107 − η317 − η373 + η163
η17 − η193 − η137 + η73 η122 − η298 − η242 + η178 η227 − η403 − η347 + η283

 ,
y5ij =
1√
2

 η335 − η295 − η265 + η55 η230 − η190 − η370 + η50 η125 − η85 − η365 + η155η215 − η415 − η145 + η65 η110 − η310 − η250 + η170 η5 − η205 − η355 + η275
η95 − η305 − η25 + η185 η10 − η410 − η130 + η290 η115 − η325 − η235 + η395

 ,
y6ij =
1√
2

 η393 − η183 − η153 + η57 η342 − η78 − η258 + η162 η237 − η27 − η363 + η267η327 − η303 − η33 + η177 η222 − η198 − η138 + η282 η117 − η93 − η243 + η387
η207 − η417 − η87 + η297 η102 − η318 − η18 + η402 η3 − η213 − η123 + η333

 ,
24
y7ij =
1√
2


η281 − η71 − η41 + η169 η386 − η34 − η146 + η274 η349 − η139 − η251 + η379
η401 − η191 − η79 + η289 η334 − η86 − η26 + η394 η229 − η19 − η131 + η341
η319 − η311 − η199 + η409 η214 − η206 − η94 + η326 η109 − η101 − η11 + η221

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 840.
A.3.3 7-8-1 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (7, 8, 1). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 1√
2
(Θ1,7 −Θ6,7) 1√
2
(Θ1,8 −Θ7,8) Θ0,1
1 1√
2
(Θ2,7 −Θ5,7) 1√
2
(Θ2,8 −Θ6,8) -
2 1√
2
(Θ3,7 −Θ4,7) 1√
2
(Θ3,8 −Θ5,8) -
This model has a single zero-mode for the Higgs field. Yukawa couplings YijkLiRjHk are given
by
Y kijHk =
1√
2
H0


√
2(η5 − η35)
√
2(η50 − η10)
√
2(η25 − η55)
η43 − η37 − η13 + η53 η2 − η38 − η58 + η22 η47 − η7 − η17 + η23
η29 − η11 − η59 + η19 η46 − η34 − η14 + η26 η1 − η41 − η31 + η49

 ,
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 56.
A.3.4 8-8-16 model
Here we show the model with (|I(1)ab |, |I(1)ca |, |I(1)bc |) = (8, 8, 16). The following table shows zero-
mode wavefunctions of left, right-handed matter fields and Higgs fields.
Li(λ
ab) Rj(λ
ca) Hk(λ
bc)
0 1√
2
(Θ1,8 −Θ7,8) 1√
2
(Θ1,8 −Θ7,8) Θ0,16
1 1√
2
(Θ2,8 −Θ6,8) 1√
2
(Θ2,8 −Θ6,8) 1√
2
(Θ1,16 +Θ15,16)
2 1√
2
(Θ3,8 −Θ5,8) 1√
2
(Θ3,8 −Θ5,8) 1√
2
(Θ2,16 +Θ14,16)
3 - - 1√
2
(Θ3,16 +Θ13,16)
4 - - 1√
2
(Θ4,16 +Θ12,16)
5 - - 1√
2
(Θ5,16 +Θ11,16)
6 - - 1√
2
(Θ6,16 +Θ10,16)
7 - - 1√
2
(Θ7,16 +Θ9,16)
8 - - Θ8,16
This model has eight zero-modes for the Higgs fields. Yukawa couplings YijkLiRjHk are obtained
as
Y kijHk = y
0
ijH0 + y
1
ijH1 + y
2
ijH2 + y
3
ijH3 + y
4
ijH4 + y
5
ijH5 + y
6
ijH6 + y
7
ijH7 + y
8
ijH8,
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where
y0ij =


−yg 0 0
0 −ye 0
0 0 −yg

 , y1ij = 1√
2


0 −yd 0
−yd 0 −yf
0 −yf 0

 ,
y2ij =
1√
2


ya 0 −ye
0 0 0
−ye 0 yi

 , y3ij = 1√
2


0 yb 0
yb 0 yh
0 yh 0

 ,
y4ij =
1√
2

 0 0 yc + yg0 ya + yi 0
yc + yg 0 0

 , y5ij = 1√
2

 0 yh 0yh 0 yb
0 yb 0

 ,
y6ij =
1√
2


yi 0 −ye
0 0 0
−ye 0 ya

 , y7ij = 1√
2


0 −yf 0
−yf 0 −yd
0 −yd 0

 ,
y8ij =


−yc 0 0
0 −ye 0
0 0 −yc

 ,
and
ya = η0 + 2(η128 + 2η256 + 2η384) + η512,
yb = η8 + η120 + η136 + η248 + η264 + η376 + η392 + η504,
yc = η16 + η112 + η144 + η240 + η272 + η368 + η400 + η496,
yd = η24 + η104 + η156 + η232 + η280 + η360 + η408 + η488,
ye = η32 + η96 + η164 + η224 + η288 + η352 + η416 + η480,
yf = η40 + η88 + η172 + η216 + η296 + η344 + η424 + η472,
yg = η48 + η80 + η180 + η208 + η304 + η336 + η432 + η464,
yh = η56 + η72 + η188 + η200,+η312 + η328 + η440 + η456,
yi = 2(η64 + η192 + η320 + η448),
in the short notation ηN defined in Eq. (9) with M = M1M2M3 = 1024.
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